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* From: "george" <greeneg@XxXXXXXXXXX>
 Date: 19 Jul 2005 11:24:07 —0700

Robert Low <mtx014 @ XXXXXXXXXXXXXX> said:
>> there are certainly

>> sets of axioms which uniquely define the
>> natural numbers: the second

>> order Peano axioms do this.

Chris Menzel replied:
> Assuming, of course, a standard model theory
> for second-order languages.

This assumption has in fact been made.

SEriously, it is just part of the general context.

There is one standard semantics that people mean

when they talk about second-order logic. All lesser

others REALLY ARE lesser and really are, BECAUSE they
are lesser, NON-standard.

> As I'm sure you know, though,

> there is also a "general" model theory for

> second-order languages that Henkin introduced

> in proving the completeness of simple type theory,

> and second-order languages interpreted by this model
> theory are no more expressive than first-order

> languages.

But if you want to use the Henkin semantics, you HAVE to SAY
"I'm using the Henkin semantics". If you DON'T say that

and INSTEAD just say "I'm using 2nd-order logic", then you

are LEGITIMATELY presumed to be using the full/standard
semantics. There are GOOD reasons for this. You hinted

at one of them regarding this Henkin alternative: it makes

the second-order languages no more expressive than 1st—-order
ones —— in other words, if you do this, you're fundamentally
NOT using 2nd-order logic AT ALL —- you might as well have
stayed at 1st: you're (conversely from the original metaphor)

Re: Turing completeness of the functional paradigm?


http://sci.tech-archive.net/Archive/sci.logic/2005-07/msg00513.html
mailto:greeneg@DOMAIN.HIDDEN

Re: Turing completeness of the functional paradigm?

a sheep in wolf's clothing.

The better reason, of which the first was basically an

instance or corollary, is that set theory itself —— AT FIRST
order —— is, in the ORIGINAL metaphor, "the wolf in sheep's
clothing", i.e., once you start talking, even in first-order
language, about powersets of infinite sets, you are ALREADY
DOING something fundamentally 2nd—order. You

already have (if you believe such beasts exist at all) models
where the powersets Really Are "full", as standard 2nd-

order semantics requires them to be. Unfortunately, because
of the Lowenheim-Skolem theorem, you also have lesser models
(interpreting "all" as less than what you naturally/naively

mean by it, but still consistently). But since every semantics
other than the full/standard one is necessarily sparser, the
guestion always arises, is it SO sparse that you could've
achieved the same thing in first—order model theory? In the
case of the Henkin semantics, the answer is yes, and that is
one of the more FAMOUS alternatives. To the extent that other
alternatives are also simulatable at first-order, they are
similarly irrelevant, if 2nd—order logic is what we want to

talk about.

> >> Hence, so interpreted, second-order PA has nonstandard models.
> >

> > So where do they live?

>

> Same place the nonstandard models of first-order PA live. :-)

Not really.

To get what you call non—-standard models of 2nd-order PA,

you have to use a non—standard semantics for 2nd-order

logic. But the non-standard models for 1st—order PA occur

in the STANDARD semantics of 1st-order logic. The standard
model of FIRST-order PA is NOT special, from the exterior
viewpoint of the logic. The standard model of

2nd-order PA IS special: it is (up to isomorphism) the ONLY
model you can have with the standard semantics OF THE LOGIC,
as a whole. The situation at first order is DIFFERENT.
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